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Abstract
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1. Introduction
Our research was motivated by the papers [2, 15]. We answer several ques-
tions posed in [2] as well as some closely related questions.
Definition 1 ([15]). For any topological property P , X has property star -P
if and only if for each open cover U of X , there exists a subspace Y ⊆ X such
that Y has property P and St(Y,U ) = X .
It is well-known, for example, that every topological space is star-discrete. It
is not hard to see that a space is star-countable if and only if it is star-separable
(Lemma 2.3 in [2]). For an in-depth discussion of a variety of star-P properties,
see [1, 2, 10, 15]. We caution readers to check each author’s usage of terminology
when reading the literature as it varies from author to author.
The theory becomes more interesting when star-covering properties are con-
sidered in conjunction with other properties. In [2], the authors investigate,
among other things, the relationship between the star-Lindelo¨f and star-countable
properties, and pseudocompactness. Pseudocompactness is particularly inter-
esting in this case as it may be treated as a star-covering property (see e.g.
[10, 14]).
The authors of [2] showed that the Ψ-space construction provides natural
examples of spaces with a variety of behavior. In this article, we answer many
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of the questions posed in [2] using Ψ-like spaces. We also leverage a characteri-
zation of pseudocompactness in dense subsets of the Cantor Cube (see [11, 13])
to give a characterization of star-Lindelo¨fness within the class of dense pseudo-
compact subspaces of 2c.
We will start by answering Question 2 of [2]: Is a first-countable, star-
Lindelo¨f space star-countable? We will use the following well-known proposition.
The proof is offered as a convenience to the reader.
Proposition 2 (Folklore). Suppose X has an uncountable closed discrete sub-
space F whose points can separated by pairwise disjoint open sets. Then X is
not star-countable.
Proof. Choose F ⊆ X as in the hypothesis. For each x ∈ F , let Ux ⊆ X be
an open set containing x such that for each y ∈ F \ {x}, Ux ∩ Uy = ∅. Then
U = {Ux : x ∈ F} ∪ {X \ F} is an open cover for which there is no countable
Y ⊆ X such that St(Y,U ) = X . 
Recall that for a Hausdorff space X , the Alexandroff Duplicate of X , which
we denote AD(X), is the topological space whose point-set is X×{0, 1} topolo-
gized by the coarsest Hausdorff topology extending {U×{0, 1} : U ⊆ X is open}
∪ {{〈x, 1〉} : x ∈ X} .
Example 3. LetX = AD(I)×(ω+1)\(I×{0}×{ω}) where I denotes the closed
unit interval. It is clear that X is first-countable and Tychonoff. For any cover
U of X , St(Y,U ) = X where Y = AD(I) × ω. Thus X is star-(σ-compact),
hence X is star-Lindelo¨f.
For p ∈ I, let Up = {〈p, 1〉} × (ω + 1). Then {Up : p ∈ I} is a pairwise
disjoint collection of open sets separating {〈p, 1, ω〉 : p ∈ I} which is closed. By
Proposition 2, X is not star-countable. 
Definition 4 (Iterated Stars). Suppose A is a family of subsets of X and
Y ⊆ X . For n ∈ N, we define St(n+1)(Y,A ) = St(St(n)(Y,A ),A ) where
St(0)(Y,A ) = Y .
The concepts in the following definition are covered in detail in [10] using the
terminology n-star-compact, n-star-Lindelo¨f, n 1/2-star-compact, and n 1/2-star-
Lindelo¨f. To avoid confusion, we will adopt the following substitute notation:
Definition 5. For each n ∈ N+, we say a topological space X has property Cn
(Ln) if and only if for every open cover U of X , the cover {St
(n)(x,U ) : x ∈ X}
has a finite (countable) subcover. We will say X has property Cn 1/2 (Ln 1/2) if
and only if for every open cover U of X , the cover {St(n)(U,U ) : U ∈ U } has
a finite (countable) subcover.
The following definition will allow us two work with the two common notions
of almost disjoint within a single framework (see [6, 9]).
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Definition 6 (Generalized Ψ-space). Suppose λ ≤ κ are infinite cardinals
and E ⊆ [κ]λ is a maximal almost disjoint1 family (m.a.d.f.), where [κ]λ =
{a ⊆ κ : |a| = λ}. Let Ψ(E) denote the topological space whose point-set
is κ ∪ E , with the topology generated by isolating each α ∈ κ, and the basic
open neighborhoods about E ∈ E are all sets of the form {E} ∪ (E \ F ) where
F ∈ [E]<λ.
In all that follows, κ, λ and E are assumed to be as in the above definition,
i.e. λ ≤ κ are infinite cardinals and E ⊆ [κ]λ is a m.a.d.f. For convenience and
to avoid trivial cases, we will also assume that E is disjoint from κ,
⋃
E = κ, and
|E| ≥ κ. In sections 2 and 3, unless explicitly stated otherwise, λ is assumed to
be ℵ0 and ℵ1, respectively.
2. Properties of Ψ(E) when λ = ℵ0
Question 1 (Question 3) of [2] asks if a first-countable feebly compact2 (pseu-
docompact Tychonoff) space is star-Lindelo¨f. We answer both questions in the
negative. Moreover, we will show that a Tychonoff pseudocompact space may
fail to be star-L11/2 , which is, in general, weaker than star-Lindelo¨fness. This
will be sharp within the class of Ψ-spaces, as we will show our example has
property C2, and therefore L2, the next property in the hierarchy of Lindelo¨f-
like star-covering properties (see [10, 14]).
Proposition 7. Suppose X is locally countable. Then the following are equiv-
alent:
1. X is star-countable.
2. X is star-Lindelo¨f.
3. X has property L11/2 .
Proof. The equivalence is immediate from the fact that in a locally countable
space, every Lindelo¨f subspace is countable and contained in an open Lindelo¨f
subspace. 
Proposition 8 (Folklore). If X is Hausdorff, sequential and S ⊆ X, then
|Cl(S)| ≤ |S|ω.
Proposition 9. Suppose X is Hausdorff, sequential, each x ∈ X is contained
in an open set of cardinality ≤ µ, and S ⊆ X. Then there exists a clopen K ⊇ S
such that |K| ≤ µω|S|ω.
Proof. For each x ∈ X , choose an open neighborhood of x, Ux, of cardinality at
most µ. Let J0 = S, and for α < ω1, define Jα = Cl (
⋃
{Ux : ∃β < α[x ∈ Jβ ]}).
Let K =
⋃
α<ω1
Jα. By Proposition 2, |Jα| ≤ µω|S|ω, thus |K| ≤ µω|S|ω. K
1By almost disjoint, we mean the intersection of distinct elements has size < λ.
2A space is feebly compact if every locally finite collection of open sets is finite.
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is open because for any x ∈ Jα, Ux ⊆ Jα+1 ⊆ K. If x ∈ Cl(K), because X is
sequential, there exists a countable L ⊆ K such that x ∈ Cl(L). Choose α < ω1
such that L ⊆ Jα, and then, by construction, x ∈ Jα+1 ⊆ K. 
The following proposition can be found in [4]. We offer a different proof.
Proposition 10. If X is Hausdorff first-countable and e(X) > c, then X is
not star-countable.3
Proof. Fix a closed discrete subset F ⊆ X of cardinality c+. For each x ∈ F ,
let 〈Ux,n |n < ω〉 enumerate a countable base at x such that Ux,n∩F = {x}. For
n < ω, let Un = {Ux,n : x ∈ F} ∪ {X \ F}. Suppose that Yn ⊆ X is countable
and St(Yn,Un) = X . Since Ux,n is the only open set in Un containing x, Yn
intersects each Ux,n. Thus F ⊆ Cl
(⋃
n<ω Yn
)
, contradicting Proposition 2. 
Proposition 11. The space Ψ(E) is first-countable, Tychonoff, pseudocompact
and satisfies property C2.
Proof. It is clear from the definitions that Ψ(E) is first-countable, Hausdorff
and zero-dimensional, hence Ψ(E) is Tychonoff. In [10], it is shown that every
space with a dense relatively countably compact subspace is C2, implying prop-
erty C21/2 , which is equivalent to pseudocompactness for the class of Tychonoff
spaces. We offer a direct proof as a convenience to the reader.
By the maximality of E , every infinite subset of κ has an accumulation
point in E , i.e. κ a dense relatively countably compact subspace. Thus Ψ(E) is
pseudocompact. To verify property C2, fix an open cover U of Ψ(E). Suppose
that i < ω, αi ∈ κ is such that αi /∈
⋃
j<i St(αj ,U ). By the maximality of E ,
there exists E ∈ E such that E ∩ {αi : i < ω} is infinite. Choose V ∈ U such
that E ∈ V . By our choice of E, there exists m < n < ω such that αm, αn ∈ V ,
contradicting that αn /∈ St(αm,U ). Hence, there exists F ∈ [κ]
<ω such that
κ ⊆ St(F,U ) which implies Ψ(E) = St(2)(F,U ). 
Proposition 12. If ℵ0 ≤ κ ≤ c, there exists a m.a.d.f. E ⊆ [κ]ω such that
Ψ(E) is star-countable.
Proof. Let C ⊆ [ω]ω and D ⊆ [κ\ω]ω be maximal almost disjoint families such
that |C| = |D| = c. This is possible because κ ≤ c. Choose a bijection f : C → D.
Define E = {C ∪ f(C) : C ∈ C}. If A ∈ [κ]ω, |A∩ω| = ℵ0 or |A∩ (κ \ω)| = ℵ0.
In either case, A has infinite intersection with some element of C ∪ D, thus E is
maximal. Then Ψ(E) is star-countable because St(ω,U ) = Ψ(E), for any open
cover U of Ψ(E). 
The following two propositions each provide negative answers to Questions
1 and 3 of [2].
3Here e(X) denotes extent of X, that is sup{|F | : F ⊆ X is closed and discrete}.
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Proposition 13. If ℵ0 < κ ≤ c, then there exists a m.a.d.f. E ⊆ [κ]ω such that
Ψ(E) is not star-countable.
Proof. Choose an uncountable pairwise disjoint family E0 ⊆ [κ]ω, and let E be
a m.a.d.f. extending E0. 
Proposition 14. If κ > c then Ψ(E) is not star-L11/2 .
Proof. Suppose κ > c. By Proposition 7, it suffices to show that there exists
an open cover U of Ψ(E) such that for every star-countable subspace X ⊆ Ψ(E),
St(X,U ) 6= Ψ(E). Using Proposition 9, for α < c+, choose pairwise disjoint
clopen Sα ⊆ Ψ(E) such that |Sα| = c. Define an open cover
U = {Sα : α < c
+} ∪ {{α} : α ∈ κ} ∪
{
{E} ∪ E : E ∈ E \
⋃
α<c+
Sα
}
.
Suppose X ⊆ Ψ(E) is star-countable and St(X,U ) = Ψ(E). Each Sα is infinite
and clopen, so we can choose Eα ∈ Sα ∩ E . As Sα is the only element of
U containing Eα, Y ∩ Sα 6= ∅. Let P be a partition of c+ into intervals of
uncountable length such that |P| = c+. By hypothesis, X is star-countable, so
by Proposition 2, for each I ∈ P , YI =
⋃
{X ∩Sα : α ∈ I} has an accumulation
point Aα ∈ E ∩X . Thus, {Aα : α < c+} ⊆ E is a closed discrete subspace of X
of cardinality c+, contradicting Proposition 10. 
Remark 15. One can define the following generalization of L11/2 : X has prop-
erty µ−L11/2 if and only for every open cover U of X , {St(U,U ) : U ∈ U } has
a subcover of cardinality < µ. Then the above argument shows that if κ > µω,
then Ψ(E) is not µ+ − L11/2 .
3. Properties of Ψ(E) when λ = ℵ1
In this section, we discuss two more questions from [2], answering one fully
and offering a partial solution to the other. The following proposition and
corollary are essentially contained in the analysis of Example 3.3 of [2].
Proposition 16. If L ⊆ Ψ(E) is Lindelo¨f, then L ∩ E and (L ∩ ω1) \
⋃
(L ∩ E)
are both countable.
Proof. Suppose otherwise. Choose A = {Aα : α < ω1} ⊆ L∩E where the Aα
are taken to be distinct. For α < ω1, define Uα = {Aα}∪
(
Aα \
⋃
β<αAβ
)
. Note
that Uα is open because α is countable and Aβ ∩ Aα is countable when β < α.
Then U = {{α} : α ∈ L ∩ ω1} ∪ {Uα : α < ω1} ∪ {{E} ∪E : E ∈ L∩ (E \ A)}
is an open cover of L with no countable subcover because Uα is the only open
set in U containing Aα. Also, since L is Lindelo¨f and (L ∩ ω1) \
⋃
(L ∩ E) is
closed and discrete, (L ∩ ω1) \
⋃
(L ∩ E) must be countable. 
5
Corollary 17. Every Lindelo¨f subspace of Ψ(E) is contained in a Lindelo¨f sub-
space of the form
⋃
i<ω{Ei} ∪ Ei where {Ei : i < ω} ⊆ E.
Problem 3.4 of [2] asked if Ψ(E) can be star-Lindelo¨f when κ = λ = ℵ1. The
authors showed that under the additional hypothesis that |E|ω = |E|, Ψ(E) is
not star-Lindelo¨f (Example 3.3 [2]). The following is a slight sharpening of their
result. The proof here is essentially the same, as the authors only used the fact
that each Lindelo¨f subspace of Ψ(E) is contained in a Lindelo¨f subspace of the
form described above.
Proposition 18. Suppose ∆ ⊆ [E ]ω has cardinality |E|, and ∆ is order dense
in the partial order of reverse inclusion, i.e. for each C ∈ [E ]ω there exists
D ∈ ∆ such that D ⊇ C. Then Ψ(E) is not star-Lindelo¨f.
Proof. Fix E ⊆ [κ]ω1 and an order dense ∆ ⊆ [E ]ω such that |∆| = |E|. Let
〈Dα |α < µ〉 and 〈Eα |α < µ〉 be enumerations of ∆ and E , respectively. As in
[2], we will build a bijection f : E → ∆ such that E /∈ f(E), for each E ∈ E .
For α < µ, if α is even, choose β least such that Eβ /∈ dom(fδ) for δ < α,
and choose γ least such that Eβ /∈ Dγ and Dγ /∈ ran(fδ) for δ < α. If α is odd,
choose γ least such that Dγ /∈ ran(fδ) for δ < α, and choose β least such that
Eβ /∈ Dγ , and Eγ /∈ dom(fδ) for δ < α. Then let fα = {〈Eβ , <γ〉} ∪
⋃
δ<α fδ
and set f =
⋃
fα. It is clear from the construction that f is as desired.
Define an open cover U = {{α} : α < κ} ∪ {UE : E ∈ E} where UE =
{E}∪E\
⋃
f(E). If L ⊆ Ψ(E) is Lindelo¨f, by the above proposition, there exists
E ∈ E such thatM =
⋃
{{F}∪F : F ∈ f(E)} ⊇ L. Thus ∅ = UE∩M ⊇ UE∩L,
thus E /∈ St(L,U ). 
Proposition 19. For each cardinal µ ≥ ℵ1, [µ]ω has an order-dense set of
cardinality at most ν = µ + sup{ξω : ℵ1 ≤ ξ ≤ µ is a cardinal of countable
cofinality}.
Proof. If µ = ℵ1, ω1 is dense in [ω1]ω. If cf(µ) = ℵ0, then [µ]ω is dense in itself
and is of size ν. Otherwise, each countable subset of µ is bounded, and then by
inductive hypothesis, for each α < µ, there exists a dense set Dα ⊆ [α]ω such
that |Dα| ≤ ν. Then
⋃
α<µDα is a dense subset of [µ]
ω of cardinality ≤ ν. 
Corollary 20. Suppose that for each uncountable µ ≤ |E| of countable cofinal-
ity, µω ≤ |E|. Then Ψ(E) is not star-Lindelo¨f.
Corollary 20 implies that if |E|ω = |E| then Ψ(E) is not star-Lindelo¨f, as
shown in [2], but can be used to show even more. For example, it follows
from Corollary 20 that if E ⊆ [κ]ω1 has cardinality < ℵω, then Ψ(E) is not
star-Lindelo¨f.
Unfortunately, as noted by the authors of [2], the situation is more compli-
cated than when κ = λ = ℵ0. For example, the existence of a m.a.d.f. E ⊆ [ω1]ω1
of cardinality 2ω1 is independent of ZFC (see Chapter 8, Exercise B5 of [9]), so
it is unclear if a ‘gluing’ argument, similar to that of Proposition 12, could be
generalized.
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Problem 3.5 of [2] asks if it is consistently true that a feebly Lindelo¨f4 P -
space is star-Lindelo¨f. The above corollary provides numerous ZFC examples of
feebly Lindelo¨f P -spaces that are not star-Lindelo¨f.
Example 21. If κω1 = κ, then Ψ(E) is not star-Lindelo¨f. It is clear that for
λ = ℵ1, Ψ(E) is a P -space, and by the maximality of E , Ψ(E) is feebly Lindelo¨f.
4. Reflection of Star-Covering Properties
Recall that a topological property P is said to be reflected by a class of
mappings Q if X must have property P whenever there exists a mapping of
class Q from X onto a space with property P .
Question 5 of [2] asks if star-countability, star-(σ-compactnness), or star-
Lindelo¨fness is reflected by perfect, open or closed mappings. Mapping an un-
countable discrete space onto the space with a single point shows that none of
these star-covering properties are reflected by open or closed mappings. The
following example shows that star-countability, star-(σ-compactness), and star-
Lindelo¨fness are not reflected by perfect mappings.
Example 22. Let E ⊆ [ω]ω be a maximal almost disjoint family. Let X =
(Ψ(E)× {0, 1}) \ (ω × {1}). Let f : X → Ψ(E) be the projection onto the first
coordinate. Then f is perfect, but X is not star-countable since E × {1} is an
uncountable closed discrete subspace whose points can be separated by pairwise
disjoint open sets, contradicting Proposition 2.
Remark 23. Alternatively, one could apply Theorem 3.7.29 of [8], which states
that any property that is hereditary with respect to clopen subspaces and re-
flected by perfect mappings is hereditary with respect to closed subspaces.
The failure of reflection of star-countability was already known. If e(X) and
c(Y )5 are uncountable, then X×Y is not star-countable. Then if Y is compact,
the projection of X × Y onto X is open and perfect. For more details, see
Corollary 2.4 of [5] and Example 3.3.4 of [14].
Proposition 24. Suppose f : X → Y is an open perfect map and Y is star-
Lindelo¨f. Then X is star-Lindelo¨f.
Proof. Fix an open cover U of X . For each y ∈ Y , chose a finite Uy ⊆ U
such that
⋃
Uy ⊇ f−1(y) and each U ∈ Uy intersects f−1(y). Define an open
cover of Y , V = {Vy : y ∈ Y } where
Vy = Y \ f

X \

f−1

 ⋂
U∈Uy
f [U ]

 ∩⋃Uy



 .
4A space is feebly Lindelo¨f if every locally finite collection of open sets is countable.
5c(Y ) denotes the cellularity of Y , sup{|C | : C is a pairwise disjoint family of open sets}.
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Now, if q ∈ Vy, by the definition of Vy, f−1(q) ⊆
⋃
Uy and for each U ∈ Uy,
U ∩ f−1(q) 6= ∅. Since Y is star-Lindelo¨f, we may choose a Lindelo¨f subspace
L ⊆ Y such that St(L,V ) = Y . Let M = f−1[L]. To see that St(M,U ) = X ,
choose x ∈ X , l ∈ L and y ∈ Y such that f(x), l ∈ Vy. Choose U ∈ Uy such
that x ∈ U , then f−1(l) intersects U so St(M,U ) = X .
To see that M is Lindelo¨f, let U be an open cover of M . For each l ∈ L,
choose a finite Ul ⊆ U such that f−1(l) ⊆
⋃
Ul. Let Vl = Y \ f [X \
⋃
Ul] and
then define V = {Vl : l ∈ L}. Choose a countable S ⊆ L such that {Vl : l ∈ S}
covers L. Then
⋃
{Ul : l ∈ S} is a countable subcover of M . 
Remark 25. If X is locally compact, then a continuous open surjection with
compact fibers is also closed. Thus, star-Lindelo¨fness is reflected onto locally
compact spaces by continuous open mappings with compact fibers.
5. Dense Pseudocompact Subspaces in Dyadic Cubes
For F ∈ [κ]<ω and f ∈ 2F , let Of = {p ∈ 2κ : p ⊇ f}. We will need
following three results, which we present without proof.
Proposition 26 ([3, 7]). Suppose κ is an infinite cardinal and X ⊆ 2κ is
dense. Then X is pseudocompact if and only if for each I ∈ [κ]ω, piI [X ] = 2I.
Theorem 27 ([11]). The Continuum Hypothesis is equivalent to the state-
ment: Every dense pseudocompact subset of 2c has a dense Lindelo¨f subspace.
For the proof of sufficiency, Matveev showed that each dense pseudocompact
subspace of 2ω1 contains a dense Lindelo¨f subspace. (Proposition 6 of [11]) An
obvious corollary is that each dense pseudocompact subspace of 2ω1 is star-
Lindelo¨f.
Example 28 (Reznichenko’s Example [13]). Let P be a partition of c into
sets of cardinality c such that |P| = c. Let 〈sα |α < c〉 and 〈Pα : α < c〉 be
enumerations of
⋃
{2S : S ∈ [c]ω} and P, respectively. Define xα : c → {0, 1}
by xα(β) = sα(β) if β ∈ dom(sα) and xα(β) = χα(β) otherwise, where χα
denotes the characteristic function of Pα. Then X = {xα : α < c} is a dense
pseudocompact subset of 2c such that for each Y ⊆ X of cardinality < c, Y is
closed and discrete.
Proposition 29. The following statements are equivalent:
1. CH.
2. Every dense pseudocompact subspace of 2c is star-Lindelo¨f.
3. Reznichenko’s Example is star-Lindelo¨f.
Proof. (1) =⇒ (2) =⇒ (3) follows from the above results. For (3) =⇒ (1),
let X denote Reznichenko’s Example. Suppose Y ⊆ X is countable. Let Γ =⋃
xα∈Y
dom(sα) and choose δ < c such that: dom(sδ)∩Γ = Pδ∩Γ = ∅, sδ(α) = 0
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for each α ∈ dom(sδ) ∩
⋃
sα∈Y
Pα, and sδ(α) = 1 otherwise. This choice of δ is
possible because there are c-many such functions. For α < c, let fα = {〈α, 1〉}
and define U = {Ofα : α < c}. Fix xα ∈ Y and β < c. If β ∈ dom(sδ) then
β /∈ Γ, so xα(β) = χα(β), and if xδ(β) = 1, then by construction xα(β) = 0.
If β ∈ Pδ \ dom(sδ), then xα(β) = 0 because (Pα ∪ dom(sα)) ∩ Pδ = ∅. Thus
xδ /∈ St(Y,U ). Assume c > ℵ1. If Y ⊆ X is such that St(Y,U ) = X , then Y is
uncountable. Then Y contains a subspace Z of cardinality ℵ1 < c. Thus Z is
closed and discrete, and so Y is not Lindelo¨f. 
It should be noted that there are dense pseudocompact subsets of 2c
+
that are
not star-Lindelo¨f (Remark 3 of [11]).
Remark 30. Wemay not replace star-Lindelo¨f with star-countable in the above
Proposition. The proof shows that, irrespective of CH, Reznichenko’s Example
is not star-countable. Alternatively, in [12], it is shown that Reznichenko’s Ex-
ample is meta-Lindelo¨f.6 It is well-known that a meta-Lindelo¨f, star-countable
space is Lindelo¨f, and it is not hard to see that Reznichenko’s Example is not
Lindelo¨f. The following is a more elementary example of a dense pseudocompact
subset of 2c that is not star-countable.
Example 31. Let X ⊆ 2c be the Σ-product with its center, 0, removed, where
0 denotes the constant function taking value 0. It is clear that X is dense and
pseudocompact. Let U = {Ofα : α < c} be as above. Then if Y ⊆ X is
countable, there exists α < c such that for each α < β < c and p ∈ Y , p(β) = 0.
It follows easily that St(Y,U ) 6= X . Note that c can be replaced with any
uncountable cardinal.
6. Problems Remaining Open
1. Is Ψ(E) star-Lindelo¨f when κ = λ = ℵ1? More generally, for which κ, λ
and µ is Ψ(E) star-µ-Lindelo¨f?
2. Is a normal feebly Lindelo¨f space star-Lindelo¨f? Is a normal star-Lindelo¨f
space star-countable?
Question 2 is from [2], and the methods developed here appear to have little
bearing on the question as the Ψ(E) spaces are not normal.
The author would like to express his gratitude to Mikhail Matveev and
Ronnie Levy for sharing their time and expertise throughout the preparation of
this article.
6A space is meta-Lindelo¨f if every open cover has a point-countable open refinement.
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